We report the production and benchmarking of several refinements of the power method that enable the computation of multiple extremal eigenpairs of very large matrices. In these refinements we used an observation by Booth that has made possible the calculation of up to the 10 th eigenpair for simple test problems simulating the transport of neutrons in the steady state of a nuclear reactor.
I. INTRODUCTION
Computing eigenpairs of large matrices is a ubiquitous problem in computational physics.
In this paper, we present several refinements of the basic power method that enable the efficient and accurate computation of multiple extremal eigenvalues of very large matrices.
Ultimately, our objective is producing Monte Carlo versions of such methods for matrices whose orders are so large that even the eigenvectors cannot be stored in computer memory.
For such problems, the computation of a basic vector quantity as the inner product is generally either very inefficient or impractical. It can be impractical, for instance, because the nature of Monte Carlo sampling means most components of these vectors are unknown.
Here, we focus on the basic algorithms developed to date, noting they work well when used deterministically. Novel will be the illustration of how the power method can be expanded to compute several extremal eigenpairs simultaneously rather than just one at a time. While various versions of the power method often compute very well the dominant eigenvalue λ 1 , the one with largest absolute value, computing subdominant eigenvalues λ 2 , λ 3, . . . has often proven much more difficult and is much less frequently attempted.
The algorithms to be presented use some recent insights of Booth [1, 2] that were developed for Monte Carlo simulations of steady state neutron transport in nuclear reactors.
Initially, he proposed a novel modification of the power method that has produced up to 10 eigenpairs for simple test problems. Here, we present refinements of these insights and focus on determining just λ 1 and λ 2 , plus their eigenvectors. The convergence of the power method is well known to slow as the ratio λ 2 /λ 1 , sometimes called the dominance ratio, approaches unity. As such, this ratio is an indicator of solution difficulty and acceptability.
As we will illustrate, an advantage of computing two dominant eigenpairs simultaneously is often improved convergence to the first one. An advantage of the present techniques is the ease in getting both eigenfunctions along with their eigenvalues.
It is important to note that various areas of science and engineering seek multiple eigenpairs for reasons other than algorithmic gains. In nuclear engineering, a dominance ratio distinct from unity is an acceptance qualifier for various nuclear criticality safety assessments and nuclear reactor designs [3] . In statistical physics, a dominance ratio nearing unity, on the other hand, is often a condition sought. Near a continuous phase transition, λ 2 → λ 1 , and λ 2 /λ 1 controls the microscopic spatial correlations among physical degrees of freedom [4] . Today, an important topic in quantum statistical mechanics is quantum critical phenomena, phase transitions driven by zero-point motion at zero temperature [5] . Here, it is the two smallest eigenvalues of the Hamiltonian matrix describing the physical system that are of interest. The quantum critical phenomenon construct, while supplemented by a few exact solutions to some very simple problems, is largely phenomenological in part because of the inability to compute λ 2 for models of direct physical relevance.
In the next section, Section II, we summarize some basic notions about the power method and our refined procedures. For simplicity, we will assume the two largest extremal eigenpairs are sought. Also we restrict attention to systems with real eigenvectors and eigenvalues, but our methods can be applied to complex systems as well. In Section III, we apply these techniques to determination of a few eigenpairs of three problems. The first is the cyclic matrix that results from the discretization of the gradient operator on a circle, the second is the transfer matrix of the two-dimensional Ising moel, and the third is the Hamiltonian matrix of the one-dimensional Hubbard model. For the first and third problems, we determine the smallest two eigenpairs (ground-state and first excited state) instead of the largest ones to illustrate the flexibility of the techniques. The second and third problems counterpose in their computational challenges in a number of ways: The transfer matrix for the Ising model is non-symmetric, positive, and dense. Its eigenvalues are known analytically and all its matrix elements follow a single simple analytic expression. The Hamiltonian matrix for the Hubbard model is symmetric, indefinite, and sparse. Its two smallest eigenvalues are not known analytically, and its matrix elements, while easy to compute, lack a simple expression. In Section IV, the final section, we will discuss extensions of the techniques to broader classes of problems, including those involving continuous operators.
II. METHODOLOGY
We first summarize the power method, and then we discuss ways to refine it so convergence is to the two largest extremal eigenpairs simultaneously. We conclude this section with two refinements of the power method: one is necessary for the reduction of round-off error and the other improves the convergence rate to the dominant eigenpair while simultaneously calculating the second extremal eigenpair.
A. Power Method Basics
For some real-valued N × N matrix A, not necessarily symmetric, we will be concerned with the N eigenpairs (λ i , ψ i ) satisfying
In the simplest application of the power method [6] , an iteration is started with some ψ, normalized in some convenient, but otherwise relatively arbitrary, manner and consists of iterating two steps φ = Aψ
If we write
Hence, the dominant eigenpair is simultaneously determined. For the norm of the vector φ whose components are φ i , a frequent choice is
This is the choice adopted here.
Clearly, if |λ 2 /λ 1 | ≃ 1 convergence of the iteration is slow. Often it can be improved by the replacement A → A − σI which shifts the value of each eigenvalue by a constant amount σ but does not change the associated eigenvector. Besides potentially accelerating convergence, the shift also enables the determination of the smallest, instead of the largest, eigenpair. In particular, if A and all the λ i are real, no matter how σ is chosen, either λ 1 − σ or λ N − σ will be the converged eigenvalue. Most often, σ is chosen to be independent of iteration step. In this case, for convergence to λ 1 , the optimal choice for σ is
for convergence to λ N , the choice is
If the dominant eigenvalue is degenerate, for example, doubly degenerate with λ 1 = λ 2 , or degenerate in magnitude, for example, doubly degenerate with |λ 1 | = |λ 2 |, then the power method, as most iterative methods, cannot determine a unique eigenvector. As can be seen from Eq. (3), in these situations the iteration converges to
The eigenvalue estimators will converge to the correct values of λ 1 and λ 2 but the eigenvector estimate corresponding to the dominant eigenvalue will be some linear combination of ψ 1 and ψ 2 . A similar situation will can occur for convergence to the first subdominant eigenvalue if for example |λ 2 | = |λ 3 |. In this case ψ 1 can be determined but ψ 2 cannot.
If a few dominant eigenpairs, say M, are desired, one of two approaches are tried. One approach is to use the power method to determine the dominant eigenpair, use deflation to project out this state out of the matrix, and then reuse the power method on the deflated matrix. To determine several eigenpairs simultaneously, the power method can be generalized to Φ = AΨ where Φ and Ψ are M × N matrices whose columns are orthogonalized to each other.
This orthogonality needs maintenance throughout the computation or else all M vectors, represented by the columns of the initial Ψ, will converge to the same one. This algorithm is called the simultaneous iteration method [7] .
B. Observation
Booth's refinement of the power method [1, 2] uses the observation that for any eigenpair (λ, ψ) and for each non-zero component of the eigenvector, the eigenvalue equation Aψ = λψ can be rewritten as
and that similar equations can also be written for any number of groupings of components,
where the R i are rules for different groupings. The groups can overlap. In addition, any two groupings, say 1 and 2, imply
The eigenvalue estimator (4) is a special case of what is often called a mixed estimator [8] λ = φ|A|ψ φ|ψ
In the present case, the component φ i of the vector φ is unity if i ∈ R; otherwise, it is zero.
From N groupings of the components, Booth constructs N estimators for the N th eigenvalue and forces them to become equal by adjusting certain parameters at each iteration step.
Several ways to do this have been devised, and we will now sketch the most recent ones for obtaining two extremal eigenpairs simultaneously.
For almost any starting point ψ = i α i ψ i , the power method will converge to (λ 1 , ψ 1 ).
The same would be true for almost any other two normalized, but not necessarily orthogonal,
We will in fact choose two such starting points and at each step apply A to them individually, but at each step we will adjust the relationship between them to prevent the collapse of their sum to the dominant eigenfunction.
Formally, we start the iteration with ψ = ψ ′ + ηψ ′′ and assume that after a large number of steps just the two dominant eigenpairs remain significant. Then we have
To determine η, we define two groupings of the components of A n ψ, R 1 and R 2 , and let κ j be the eigenvalue estimate for the j th grouping. Then from Eq. (5) we find that
If we require κ 1 = κ 2 , a quadratic equation for η results. If one solution of this equation is chosen to guide the iteration to a 1 + ηb 1 = 0, then κ 1 = κ 2 = λ 2 . If the solution on the other hand is chosen to guide the iteration towards a 2 + ηb 2 = 0, then κ 1 = κ 2 = λ 1 .
In practice, we find the coefficients of this quadratic equation in the following manner:
Suppose at the n th step, ψ ′ and ψ ′′ have iterated toψ ′ andψ ′′ , then at the (n + 1) th step we require
which leads to q 2 η 2 + q 1 η + q 0 = 0 with
The strategy is to apply A repeatedly until two real solutions for η exist. One solution will then guide the iteration to (λ 1 , ψ 1 ); the other, to (λ 2 , ψ 2 ). Typically, this procedure would be used only if the simultaneous convergence to two pairs is desired or if the convergence to just the second eigenpair is desired. In some cases, however, accelerated convergence to the first pair occurs.
C. First Refinement
For simplicity, we focus on the determination of the second largest eigenpair [2] and note that one additional improvement is necessary for finite precision computers. As bothψ ′ andψ ′′ are converging to the first eigenfunction, only their sum, for proper choices of η, is converging to the second one. Eventually, when η is the root, say η 2 , guidingψ ′′ toward the second eigenvector ψ 2 , the determination of ψ 2 is limited by the accuracy of the sum ofψ ′ and η 2ψ ′′ . To mitigate this situation, we modify the iteration by making the replacementŝ
′ before moving to the (n + 1) th step, and then in the (n + 1) th step we find the new η from the quadratic equation and subtract from it the η 2 from the n th step. Formally, this is equivalent to rewriting the coefficients of the ψ i in Eq. (7) as
making the replacements
and then in the next iteration solving the quadratic equation for the shifted η.
What does this procedure accomplish? We note that near convergence, when only ψ 1 and ψ 2 remain significant, the current best estimate of ψ 1 is contaminated with ψ 2 and vice versa. Denoting these estimates by ψ 1 + ǫψ 2 and ψ 2 + δψ 1 and introducing the adjustable parameter η, we can write another estimate of ψ 2 (η) aŝ
and so with the application of A to move to the (n + 1) th step, the new estimate of the second eigenfunction becomes
If at this step η 2 is the choice that guides to ψ 2 , then we define η ′′ by
We observe that λ 1 ψ 1 +ǫλ 2 ψ 2 is this step's power iteration estimate for the first eigenfunction so that the second eigenfunction, the term in brackets, is essentially being corrected by an attempt to remove the remaining contamination δλ 1 ψ 1 from the first eigenfunction. If we define the new eigenfunction iterates as
Thus, the effect of Eq. (10) is promoting the convergence ofψ ′ to the first eigenfunction in the normal power method way whereasψ ′′ (the second eigenfunction estimate) is being corrected at each step by adding (removing) a little of the first eigenfunction estimate. Convergence is reached when η 2 → 0; that is, when the second eigenfunction needs no correction from the first eigenfunction.
The above analysis leads to a simple numerical algorithm. The basic steps are
Step 1: Initialize 1. Set convergence parameter ǫ to a small value.
Choose initial estimates ψ
Step 2: Reset
Step 3: Execute power step 1. Apply A to ψ ′ and ψ ′′ and solve resulting quadratic balance condition (Eq. (8) ) 2. If the roots are real, assign the roots η 1 and η 2 to correspond to the largest and smallest (in magnitude) eigenvalue estimates respectively and then update via
Step 4: Test for convergence
Step 5: Terminate
Eigenvalue estimates can be made by placing ψ ′ and ψ ′′ in Eq. (5) for the same or different R i . These R i can be the same or different from the two used to compute the q i . When the roots are complex, an alternative to Step 3.2 is the use of complex arithmetic. If it is used, then the ψ ′ and ψ ′′ estimates in Step 3.2 are updated with complex η i .
D. Second Refinement
Because Eq. (7 ) will be almost true for large n, it yields a way to estimate the ψ i . If C i are normalizing constants and η 2 is the root that gives λ 2 , then from Eq. (7) the (n + 1)
If η 1 ≈ −a 2 /b 2 is the root that gives λ 1 , then from Eq. (7) the (n + 1) th guess at ψ 1 is
These two estimates suggest using
as the next iteration guess. Next, we insert
into Eq. (8) and solve it for the two η roots. Now we take for new estimates (with the C i providing normalization)
We note that Eq. (11) is the same adjustment to the second eigenfunction estimate as in the first refinement, which uses the best estimate of ψ 2 . Equation (12) uses the best estimate of ψ 1 instead of the power iterated estimate used in first refinement. Empirically, this second refinement simultaneously produces estimates of ψ 1 converging as λ 3 /λ 1 and estimates of ψ 2 converging as λ 3 /λ 2 .
In the appendix we demonstrate these rates of convergence for non-degenerate states.
Incorporating this refinement requires only replacing Step 3 of the algorithm for the previous with
Step 3: Execute power step 1. Apply A to ψ ′ and ψ ′′ and solve resulting quadratic balance condition (Eq. (8)) 2. If the roots are real, assigning the roots η 1 and η 2 to correspond to the largest and smallest (in magnitude) eigenvalue estimates respectively and then update via
Step 2
E. Practical Algorithm
In an actual implementation of these algorithms, monitoring convergence by |η 2 | < ǫ is not the only choice. The more common way would be monitoring successive estimates of the λ i plus monitoring the residuals Aψ
We also note the following alternative: As ψ ′ converges to ψ 1 and ψ ′′ converges to ψ 2 , q 0 and q 2 converge to zero. In short, multiple criteria exist, leading to cross checks. Some recycle already computed quantities and are consequently quite efficient. Here is an algorithm for the second refinement suitable for implementation:
Step 1: Initialize 1. Set convergence parameters ǫ 0 and ǫ 2 to small values.
2. Initialize iteration index n = 0, 3. Choose initial estimates for ψ ′ and ψ ′′ , 4. Choose the rules R 1 and R 2 for grouping of iterated vector components.
Step 3: Execute power step 
Step 4: Test for convergence 1. If either |q 0 | > ǫ 0 or |q 2 | > ǫ 2 , increment the iteration index, n ← n + 1 and go to Step 2.
Step 5: Terminate.
When the roots are complex, an alternative to Step 3.2 is the use of complex arithmetic. If it is used, then the eigenvector estimates in Step 3.2 are updated with complex η i . The choice of rules is quite flexible. A rule may use one vector component selected randomly, a small number of components selected randomly, all odd or even components, the first or second half of the vector, etc. We note that q 2 goes to zero faster than q 0 , and when q 2 becomes very small, then the quadratic equation numerically reduces to q 1 η + q 0 = 0 which is solved to get η 2 . Essentially q 2 = 0 means that the dominant eigenpair is known to machine accuracy, so it cannot be improved on further iteration.
III. APPLICATIONS A. Cyclic Matrix
To illustrate the effectiveness of the first refinement, we applied it to the symmetric N ×N
whose eigenvalues for any N are
where k n = 2πn N with n = 0, 1, 2, . . . , N − 1. Physically, the matrix represents the N point discretization of the second derivative defined on a circle. We note that for N odd, all but the minimal eigenstate (n = 0) are doubly degenerate, while for N even, all but the minimal (n = 0) and maximal (n = N/2) ones are doubly degenerate. Accordingly for even N, Table 1 reports the results of a deterministic computation of the second smallest eigenpair for a sequence of even N. To generate it, all the eigenvalues of the matrix were shifted by subtracting four times the identity matrix and then getting the two largest magnitude eigenvalues of A − 4I. For the shifted matrix λ 1 = γ 0 = −4 and λ 2 = γ 1 = −4 cos 2 (π/N).
λ 1 is thus seen as being independent of N and is not reported. The λ 2 's in Table 1 are 4 plus the power method's computation of second largest magnitude eigenvalue of A − 4I.
The iteration was stopped when the absolute value of the maximum difference between any component of the eigenvector in successive iterations was less than 10 −10 . We see remarkable agreement between the values determined by the power method and the exact analytic value is obtained even for largest possible N on our desktop computer. We converged accurately to the second smallest eigenvalue even though it is approaching the smallest one as N is increased and is itself degenerate. By it being degenerate, our eigenvector estimate is a linear combination of two eigenstates that depends on the starting conditions for the iteration. It is not something we can benchmark but it does approximate well Aψ = λ 2 ψ. For R 1 and 
B. Two-Dimensional Ising Model
The two-dimensional Ising model is one of the few two-dimensional models of a system of many interacting degrees of freedom that has an exact solution for its thermodynamic properties. This solution, first constructed by Onsager [9] , shows that in the thermodynamic limit the model has a phase transition between an magnetically ordered (ferromagnetic) state at low temperatures and a magnetically disordered state (paramagnetic) at high tem- of an applied magnetic field, the model's energy is
Here, (i, j) are the coordinates of a lattice site. The Ising spin variable µ i,j on each site has the value of ±1, J > 0, and µ i,n+1 = µ i,1 . A column configuration of Ising spins will be denoted by
and there are 2 m possible configurations for each column.
The definition of the transfer matrix follows from the expression for the partition function
where
is the interaction energy of the j th column and
is the interaction energy between the j th and (j+1) th columns, ν = J/k B T , k B is Boltzmann's constant, and L(σ, σ ′ ) is the transfer matrix of order N = 2 m × 2 n whose elements are
Onsager found analytic expressions for all the eigenvalues of the transfer matrix. Since we needed to form this matrix, we found it as convenient to compute them numerically. Spot checks produce excellent agreement between the the two approaches. In the thermodynamic limit, when T → T c , λ 2 → λ 1 . Here, although we chose T = T c and the order of or matrix became quite large, we were still reasonably far away for this critical point. Table II presents a comparison of the two largest eigenvalues of the transfer matrix as determined
by our second refinement of the power method and those determined by the EISPACK eigensolver RG [11] . For cases except m = 11, we simply used as the solution the results after 100 iterations. For m = 11, we used 1000 iterations. The larger number of iterations was necessary to obtain the same level of accuracy.
C. One Dimensional Hubbard Model
The Hubbard Hamiltonian was originally proposed as a model for metallic ferromagnetism [12] . Most recently, its two-dimensional version has been the subject of intense scrutiny as a 
where the summation is over nearest-neighbor pairs of lattice sites i and j and electron spin σ; t and U are the hopping amplitude and repulsive Coulomb parameters;ĉ † i,σ ,ĉ i,σ and n i,σ =ĉ † i,σĉi,σ are the creation, destruction, and number operators for an electron at site i with spin σ. Usually a Fock basis is used to represent the Hamiltonian operator as a matrix h ij = i|Ĥ |j where |i = |n 1,↑ , n 2,↑ , . . . , n N,↑ |n 1,↓ , n 2,↓ , . . . , n N,↓ with n σ i = 0, 1 being the eigenvalues of the number operator. As a representative of an Hermitian operator whose matrix elements are real, the resulting matrix is symmetric. Various symmetries are usually used to block diagonalize the matrix and then obtain the ground state for each block. We will consider only blocks that have a specific value of the z-component of the total electron spin. The size of the Hilbert space and hence the order of the matrix is
where N ↑ is the number of up spin electrons and being and N ↓ is the number of down spin electrons.
For a given lattice site i the maximum number of non-zero values of h ij is 2zN where z is the number of nearest neighbors of the chosen lattice. Typically, z ≪ N; hence, the matrix is very sparse. Here, we will consider the model in one-dimension where z = 2. In one-dimension the model has an exact solution. Obtaining the ground or first excited state for these solution is not as straightforward as for the two previous test cases. We chose to obtain them numerically and compare the effectiveness of our second refinement of the power method to that of several standard eigenpair methods. Our emphasis is on how well degenerate states are captured.
We will compute the two largest and two smallest eigenvalues of the sparse, potentially hugely dimensioned, matrix H representing the operatorĤ in one dimension with periodic boundary conditions. In this case and if N ↑ = N ↓ and N ↑ is odd, the model satisfies the following version of the Perron-Frobenius Theorem [13] : If a matrix is irreducible and all off-diagonal elements are non-positive, the state corresponding to smallest eigenvalue is real and non-degenerate. We will study the model on a 10 site lattice with U = 4 and t = 1. For this lattice size and filling half or less, the theorem applies to cases (N ↑ , N ↓ ) =(1,1), (3, 3) , and (5,5). They are called closed shell cases and the result of our calculations for them are shown in Table III . Because of various symmetries, features of the smallest states are reflected in those of the largest ones.
In Table III , three methods where used to get the eigenvalues. One method used was the LAPACK routine DSYEV [14] . This double precision routine returns all the eigenvalues and eigenvectors of a symmetric matrix. At large orders computer memory became insufficient for its use.Accordingly, we supplemented our results with those obtained by using the DNLASO double precision subroutine [15] which is a block Lanczos method with selective reorthogonalization [7] . The components of the starting vectors for the Lanczos iteration are selected randomly and uniformly on the interval (-0.5,0.5). The quality of the results is controlled by specifying the block size (the number of starting states), the number of significant figures for the convergence of the eigenvalues, and the maximum number of iterations.
We found a block size of 1 gave estimates for the second and third eigenvalues that became progressively poorer as N increased. This is reasonable. A size of 2 produced cases where the sub-dominant eigenvalue was consistently returned as the dominant. For a size of 6, convergence was very slow if at all. For a size of 8, memory soon became insufficient. A size of 4 was used for the data in the table. We found lack of convergence for many cases if the precision was requested to be larger than 8 decimal places. Typically, a few hundred iterations were needed, but the computation times were a few tens of seconds. Table III TABLE III: For closed shows excellent agreement between all three methods. We note that the excited state was at least doubly degenerate.
The next set of results are for electron fillings where the eigenstates are subjected to Kramers degeneracies. Kramers's Theorem [16] says all energy levels of a system containing an odd number of electrons must at least be at least doubly degenerate provided there are no magnetic fields present to remove time-reversal symmetry. In Table IV , we present several Kramers cases where (N ↑ , N ↓ ) = (3,2), (4,3), and (5,4). For the standard software packages, we listed the three largest and three smallest eigenvalues they estimated to see the accuracy to which they determined the degenerate ground state. We see very good agreement between all three methods in estimating the eigenvalue of degenerate largest and smallest state. All three however lack the precision necessary to differentiate between a true degeneracy and a very near one. The power method in particular is less than adequate for this purpose.
In Table IV , the three largest and smallest eigenvalues are presented to provide extra information about the degeneracies. Sixteen significant figures were printed to indicate how well degeneracies are captured. Basically we do not know how the precision of the eigenvalues other then it is no more than difference between eigenvalues that should exactly be degenerate. All the expected features of the lowest eigenstates with regard to degeneracies are exhibited. Because the model has particle-hole symmetry similar features also exists for its largest eigenstates.
For other electron fillings a priori exact information about degeneracies is lacking. What is known is that when U = 0 the ground state for most fillings is degenerate. These fillings
typically are called open shell cases. When U = 0, the degeneracies are typically lifted, the degree to which it is however depends on the closeness of the nearest unoccupied eigenstate.
For small systems, the lifting might be minor, and for limited precision calculations this can make distinguishing degenerate and nearly degenerate states difficult. For the results in Table V , this discussion applies to the cases (N ↑ , N ↓ ) = (2,2) and (4,4) illustrated there.
The qualitative character of the results are similar to those of the Kramers's cases.
The results of the three tables indicate that this test case is nontrivial. We judge our preliminary results as indicating that the block Lanczos and the second refinement of the power method have comparable effectiveness. The version of the power method used here lacks the ability to return more than two eigenvalues in contrast to the block Lanczos used that should estimate well at least four.
We comment that the Lanczos method is not a black box. To ensure that the result is the minimum as opposed to some excited state, the calculation usually needs to be run multiple times with different random number seeds or some other means to change the starting vectors, and then the results need to be studied to identified those to be regarded as estimates of the ground state [17, 18] . An error is usually estimated from the variance of the average of the ground state estimates. We restarted the Lanczos calculations for a few of the cases multiple times. As our interest was qualitative, we did not perform an error analysis but instead presented representative results. The power method is also not a black box. It used the same sparse matrix as the block Lanczos method. From it we only show the two largest and two smallest as our double precision code did not incorporate a procedure to allow the determination of the third eigenpair. The components of one starting state were selected uniformly and randomly over (0,1); the other from (-0.5,0.5). We defined our regions in the following manner. First we performed a random permutation of the vector components. Region 1 was the first N/2 + 1 of these permuted components; region 2, the last N/2 + 1. Initially, we used ǫ 0 = 10
and ǫ 2 = 10 −10 . Multiple starts with changing random number seeds were used to ensure consistency. We first computed the largest two eigenvalues and used the largest value, truncated to two significant figures, as the shift to compute the two smallest. Cases where the lowest or the largest had a near degeneracy converged only so far. Often with |q 0 | < ǫ 0 being satisfied while the ǫ 2 being too small for q 2 to converge. Instead of adjusting these stopping criteria, we found that simply stopping the iteration after some fixed number of iterations and the choosing the result by locating when the residual Aψ ′′ − λ 2 ψ ′′ ceased decreasing was very effective.
IV. CONCLUDING REMARKS
We presented two refinements of the power method that enable the simultaneous determination of two extremal eigenpairs of a matrix. We illustrated their effectiveness by benchmarking them on three quite distinct but physically challenging problems. For the cyclic matrix, we exactly knew the eigenvalues and their degeneracies. We showed we could determine the two smallest extremal eigenvalues to nearly machine precision. 
APPENDIX
We now show that if the eigenstates are non-degenerate, our second refinement of the power method simultaneously produces estimates of ψ 1 converging as λ 3 /λ 1 and estimates of ψ 2 converging as λ 3 /λ 2 . Suppose that the estimates of ψ 1 and ψ 2 are very good with only a small mixtures of other components; that is, there is some small v such that
Define the total i th eigenfunction component in region j as
We now apply the balance condition for equal λ's. For region R 1 the eigenvalue estimate is
while for region R 2 it is
Set the above two eigenvalue estimates equal and cross multiply to clear the denominators and obtain a quadratic equation in x. We now collect powers of x. Terms involving x 0 are:
Terms involving Finally we can write .10) and note that we seek the smallest magnitude root of q 2 x 2 + q 1 x + q 0 = 0 (A.11)
Note that x will be very small when v ≈ 0, so that the quadratic part can be ignored, leading to x = −q 0 /q 1 (A.12)
Also the terms involving v 2 can be ignored compared to terms involving v. Thus In what follows, ψ is replaced by ψ 2 because the root corresponding to ψ 2 has been selected.
Aψ 2 = λ 1 (av + x(1 + dv))ψ 1 + λ 2 ((1 + bv) + xev)ψ 2 + λ 3 (cv + xf v)ψ 3
Both x and v are small, so the product xv is ignored yielding Aψ 2 = λ 1 (av + x)ψ 1 + λ 2 ((1 + bv) + xev)ψ 2 + λ 3 (cv + xf v)ψ 3
Substituting for x, we rewrite this equation as We note that the ψ 3 component has dropped by the ratio λ 3 /λ 2 after the iteration. Note that the ψ 1 component in the above is proportional to the ψ 3 component (cv) in the estimate of ψ 2 at the beginning of the iteration. Therefore, both the ψ 1 and ψ 3 components drop out of the ψ 2 estimate as λ 3 /λ 2 . Now we will look at the estimated ψ 1 component. We note that dividing the iterate by a constant does not affect the eigenvalue estimates so we divide (A.3) by x and then label the estimate as ψ 1 because the root corresponding to ψ 1 will be chosen. We see that the ψ 3 component is decreasing as λ 3 /λ 1 and that the ψ 2 component is proportional to the ψ 3 component (f v) at the beginning of the iteration. Thus the ψ 2 component
